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. $x=$ $(x_{1}, x2)$ , $\Delta=\partial_{x\mathrm{i}}^{2}+\partial_{x_{2}}^{2},$ $D$ =x1 $\partial_{x_{1}}+$ X2 $\partial_{x_{2}}$ .
$x=(x_{1}, x_{2})=r$(cos $\theta,$ $\sin$
$S^{2}u=f(r, \theta)$ ($0\leq r<R,$ $0\leq/?$ $<$ 2i)
$u(R, \theta)-arrow u_{0,0}(\theta)$ (1.2)
$((1-\epsilon)D+\epsilon D^{2})u(r, \theta)|$
$=u$0,1 $(r, \theta)$ $(0\leq\theta<2\pi)$
1385 2004 39-55
40
. $D=r\partial_{r},$ $\Delta=r^{-2}(D^{2}+\partial_{\theta}^{2})$ . $-\infty<\epsilon<-1$ 0\leq \epsilon <\otimes , $\cdot$ .
. BVP(\epsilon ) { $f($x); $u_{0,0}(\xi),$ $u_{0,1}($ \mbox{\boldmath $\xi$})}
$u(x),$ $u(r$, , .
$u(x)= \int_{|y|<R}G(\epsilon;x,y)f(y)dy+\sum_{j=0}^{1}\int_{|\eta|=1}P_{j}(\epsilon;x, R\eta)u_{0_{\dot{\theta}}}(\eta)dS(\eta)$ (1.3)
$dS$ (\eta ) $\mathbb{R}^{2}$
. .






$\frac{1}{2\pi}[T_{0}(\lambda)+$ 2 $\sum_{\kappa=1}^{\infty}T_{\kappa}(\lambda)r^{\kappa}]$ $(0\leq r<1, -1\leq\lambda\leq 1)$ (1.5)
$Q( \delta;r, \lambda)=\int_{0}^{1}Q(r\rho, \lambda)\rho^{\delta-1}d\rho$ $(0<\delta<\infty, 0\leq r<1, -1\leq\lambda\leq 1)$ (1.6)
1.1 $0<\delta<\infty,$ $0\leq r<1,$ $-1\leq\lambda\leq 1$ ,
(1) $Q(r, \lambda)>0$
(2) $Q(\delta;r, \lambda)>0$
(3) $(D+\delta)Q(\delta;r, \lambda)=Q(r, \lambda)$
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k $|_{e^{\sqrt{-1}k}}("-\varphi)$ $(0\leq\rho<1)$ (1.7)
(2) $\int_{0}^{2\pi}Q(\rho, \xi.\eta)d\varphi=1$ $(0\leq\rho<1,0\leq\theta<2\pi)$ (1.8)
$x=r\xi,$ $y=s\eta$ $r=|x|,$ $s=\sim$
.
$\Phi=\Phi$(x, $y$ ) $=|$x-y$|^{2}=r^{2}-$ 2 $rs\xi$ . $\eta+$ s2 (1.9)
$\Psi=\Psi(x,y)=R^{-2}(R^{2}-|x|^{2})(R^{2}-|y|^{2})=R^{-2}(R^{2}-r^{2})$ $(R^{2}-s^{2})$ (1.10)
$\rho 0=\rho$0(r, $s$ ) $=R^{-2}rs$ (1.11)
$\rho 1=\rho$1 $(r, s)=(r\vee s)^{-1}(r\Lambda s)$ (1.12)
$r \vee s=\max(r, s)$ , $r \wedge s=\min(r, s)$ . .




$D\rho 0=\rho$0, $D\rho 1=-\mathrm{s}\mathrm{g}\mathrm{n}(r-s)\rho$1, (1.16)
$\mathrm{s}\mathrm{g}\mathrm{n}(r)=1(r\geq 0)$ , -1 $(r<0)$ .












$-\Delta u=f$(r, $\theta$) $(0\leq r<R, 0\leq\theta<2\pi)$
$(1-\epsilon+\epsilon D)u(r, \theta)|_{r=R}=u_{0,0}(\theta)$ $(0\leq\theta<2\pi)$
(2.2)
. $0\leq\epsilon<1$ . . $\epsilon=0$
, ,
. BVPH(\epsilon ) { $f($x); $u_{0,0}(\xi)$ }
$u$ (x) $u$ (r, $\theta$) .
$u(x)= \int_{|y|<R}H(\epsilon;x, y)f(y)dy+\int_{|\eta|=1}P(\epsilon;x, R\eta)u_{0,0}(\eta)dS(\eta)$ (2.3)






(1) $H(0;x, y)= \frac{1}{2}\int_{\rho 0}^{\rho 1}Q(\rho, \xi. \eta)\rho^{-1}d\rho$ $(|x|, |y|<R)$
(2) $H(0;x, y)= \frac{1}{4\pi}\int_{\Phi}^{\Phi+\Psi}\sigma^{-1}d\sigma=\frac{1}{4\pi}\log\frac{\Phi+\Psi}{\Phi}$ $(|x|, |y|<R)$
(3) $P(0;x,y)=Q(R^{-1}r, \xi. \eta)$ $(|x|<R, |y|=R)$
2.2 $0<\epsilon<1$ .
(1) $H(\epsilon;x,y)-$ H(O; $x,y$) $=Q(\delta;\rho 0,\xi. \eta)$ $(|x|, |y|<R)$
$\delta=\epsilon^{-1}-1$ .
(2) $P(\epsilon;x,y)=(1+\delta)Q(\delta;R^{-1}r, \xi\cdot\eta)$ $(|x|<R, |y|=R)$
2.3




$r=|x|arrow R$ 0 .
2.4
(1) $2\epsilon^{-1}(1\cdot-\epsilon+\epsilon D)H(\epsilon;x, y)=$
$Q(\rho_{0}, \xi. \eta)-\mathrm{s}\mathrm{g}\mathrm{n}(r-s)Q(\rho_{1}, \xi.\eta)+$ 2 $\delta H(0;x,y)$
$(|x|, |y|<R)$
(2) $f$ (y) ,
$u(x)= \int_{|y|<R}H(\epsilon;x, y)f(y)dy$ $(|x|<R)$
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BVPH(\epsilon ) .
$(1-\epsilon+\epsilon D)u(x)arrow 0$ ($r=|$x$|arrow R$)
2.4 $f$ (y) ,
$u(x)= \int_{|y|<R}$ [$Q(\rho_{0},\xi$ . $\eta)-$ sgn(r-s)Q$(\rho$1, $\xi$ . $\eta$)] $f(y)dy$
$r=|x|arrow R$ 0 . $0<R_{0}<R$ $R_{0}$
$u(x)=u_{0}(x)+u_{1}(x)$
$u_{0}(x)= \int_{R_{0}<|y|<R}[Q(\rho_{0},\xi\cdot\eta)-\mathrm{s}\mathrm{g}\mathrm{n}(r-s)Q(\rho_{1}, \xi\cdot\eta)]f(y)dy$




f(y) $| \int_{R_{0}<|y|<R}(Q(\rho_{0},\xi. \eta)+Q(\rho 1, \xi. \eta))$ $dy$
L2(2)
$\int_{R_{0}<|y|<R}Q(\rho_{j}, \xi\cdot\eta)dy=\frac{1}{2}$ ($R^{2}-$ 2) $(j=0,1)$
$\epsilon>0$ , $R_{0}$ $R$
$|$u0(x) $|<\epsilon$/2
. $R_{0}$ . $rarrow R$ $\rho_{0},$ $\rho_{1}arrow R^{-1}s$ ,
$\mathrm{s}\mathrm{g}\mathrm{n}(\mathrm{r}-\mathrm{s})arrow 1$
$Q(\rho_{0},\xi.\eta)-$ sgn(r-s) $Q(\rho_{1},\xi.\eta)arrow 0$ $(rarrow R)$
. $R_{0}<R_{1}<R$ $R_{1}$ $|y|\leq R_{0}<R_{1}\leq|x|<R$
$\rho 1=r^{-1}s\leq R_{1}^{-1}h<1$
$\rho 0=R^{-2}rs\leq R^{-1}s\leq R_{1}^{-1}R_{0}<1$
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$|$Q$(\rho 0,\xi.\eta)-$ sgn(r-s) $Q(\rho_{1},\xi. \eta)|\leq$
$Q( \rho_{0}, \xi\cdot\eta)+Q(\rho_{1}, \xi\cdot\eta)\leq\frac{1}{\pi}$ (I-RI-IR -I






$\frac{1}{8}rs\int_{\rho \mathrm{O}}^{\rho 1}(\rho+\rho^{-1}-(\rho_{1}+\rho_{1}^{-1}))Q(\rho,\xi\cdot\eta)\rho^{-1}d\rho$ $(|x|, |y|<R)$ (3.1)
(2) ( )
$G(0;x, y)= \frac{1}{16\pi}\int_{\Phi}^{\Phi+\Psi}(\sigma-\Phi)\sigma^{-1}d\sigma=$








. , (1) (2) .
, (2)
(1) . 1





(1) $G(\epsilon;x,y)-$ G$(0; x, y)= \frac{1}{8}\Psi Q(\delta;\rho 0, \xi. \eta)$ $(|x|, |y|<R)$ (3.3)
$\delta=(\epsilon^{-1}+1)/2$ .
(2) $\epsilon=1$ $\delta=1$
$Q(1; \rho 0,\xi. \eta)=\frac{1}{2\pi\rho_{0}}[2\sqrt{1-(\xi\cdot\eta)^{2}}\{$ $\mathrm{A}\mathrm{r}\mathrm{c}\tan\frac{\rho_{0}-\xi\cdot\eta}{\sqrt{1-(\xi\cdot\eta)^{2}}}-$
$\mathrm{A}\mathrm{r}\mathrm{c}\tan\frac{-\xi\cdot\eta}{\sqrt{1-(\xi\cdot\eta)^{2}}}-\xi\cdot rt$ $\log(1-2\rho_{0}\xi\cdot\eta+\rho_{0}^{2})\}-\rho 0]$ (3.4)
.





. $\epsilon$ $\delta$ .
.
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3.4 $\mathrm{E}_{1}$ $f$ (\emptyset ,
$u(x)= \int_{|y|<R}G(0;x, y)f(y)dy$ (3.6)
$BVP(\mathit{0})$ ,




(1) $\int_{|y|<R}G(0;x, y)dy=\frac{1}{64}(R^{2}-r^{2})^{2}$ (3.8)
(2) $DG(0;x, y)=G(0;x, y)- \frac{1}{4}(r^{2}-s^{2})H(0;x, y)-\frac{1}{8}\Psi Q(\rho_{0}, \xi. \eta)$ (3.9)
(3) $\int_{|y|<R}|$D $G(0;x, y)|dy \leq\frac{7}{64}R^{2}(R^{2}-r^{2})$ (3.10)
3.5 (1 {1; 0, 0} BVP(0)
, . 1.2(2)
. (2) . , 3.1(1)
.
. . (3) (2)
. $\blacksquare$
.
3.6 $-\infty<\epsilon<-1$ $0<\epsilon<\infty$ . $f$ (y) ,
$u(x)= \int_{|y|<R}G(\epsilon;x,y)f(y)dy$
$BVP(\epsilon)$ -




(1) $\int_{|y|<R}(G(\epsilon;x, y)-$ G$(0; x, y))$ $dy= \frac{1}{32\delta}R^{2}(R^{2}-r^{2})$ (3.12)
(2) $8\epsilon^{-1}((1-\epsilon)D+\epsilon D^{2})G(\epsilon;x,y)=G_{0}(\epsilon;x,y)+$ G1 $(\epsilon;x,y)$ (3.13)
$G_{0}(\epsilon;x, y)=(R^{2}-s^{2})(Q(\rho_{1}, \xi. \eta)-Q(\rho 0, \xi. \eta))$ (3.14)




(3) $|$ G1 $(\epsilon;x,y)|\leq|$R2-s$2-|r^{2}-s2||$ Q$(\rho 1,\xi.\eta)+$
$(\delta+1)(R^{2}-r^{2})Q(\rho_{0}, \xi.\eta)+$
$8|\delta(2-\delta)|(G(\epsilon;x,y)-$ G$(0;x, y))$ $+$
$8|2\delta-1||DG(0;x, y)|+$ 4 $R^{2}H(0;x, y)$ (3.16)
(4) $\delta$ $C$ (\mbox{\boldmath $\delta$})
$\int_{|y|<R}|$G1 $(\epsilon;x, y)|dy\leq C(\delta)R^{2}(R^{2}-r^{2})$ (3.17)
3.7
(1) { . (2) 3.2 (1) 2 .
$D$ $\Psi$
. . (3), (4) .
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4
$\mathrm{B}\mathrm{V}\mathrm{P}(\epsilon)$ $\tilde{u}(x)$ $u(r, \theta)=\overline{u}(\dot{r}\mathrm{c}$os $\theta,$ $r\sin$ . , $\overline{u}(x)$
$C^{\infty}$ . , $\overline{f}(x)$ $C^{\infty}$ . $u(r, \theta)$
.
$u(r, \theta)=\sum_{k=-\infty}^{\infty}$ \^u(r, $k$ ) $e$1k0 (4.1)
\^u(r, $k$ ) $= \frac{1}{2\pi}\int_{0}^{2\pi}u(r, \varphi)e^{-\sqrt{-1}k\varphi}d\varphi$ $(k=0, \pm 1, \pm 2, . . .)$ (4.2)







4.1( ) $BVP^{\wedge}(\epsilon)$ , .
\^u(r, $k$ ) $= \int_{0}^{R}2\pi\hat{G}(\epsilon;r,$ $s,$ $|$ kD $\hat{f.}(s, k)sds+$
$\sum_{j=0}^{1}2\pi)(\epsilon;r,$ $|$ kD $\hat{u}_{0}$ ,$j$ (k) $(k=0, \pm 1, \pm 2, . . .)$ (4.4)
$\hat{G}$
$\hat{P}_{j}$ 4.2 4.3 .





(1) $G( \epsilon;r, s, \theta)=\sum_{k=-\infty}^{\infty}\hat{G}(\epsilon;r, s, |k|)e^{\sqrt{-1}k\theta}$ (4.5)
(2) $\epsilon=0$
$\hat{G}(0; r, s, \kappa)=$
$\frac{1}{16\pi}rs\int_{\rho 0}^{\beta 1}(\rho+\rho^{-1}-(\rho_{1}+\rho_{1}^{-1}))\rho^{\kappa-1}d\rho$ $(\kappa=0,1,2, \ldots)$ (4.6)
(3) $-\infty<\epsilon<-1$ $0<\epsilon<\infty$
$\hat{G}(\epsilon;r, s, \kappa)-G(0; r, s, \kappa)=$
$\frac{1}{16\pi}\Psi\int_{0}^{1}(\rho_{0}\rho)^{\kappa}\rho^{\delta-1}d\rho$ $(\kappa=0,1,2, \ldots)$ (4.7)




$16 \pi(rs)^{-1}\hat{G}(0;r, s, 1)=\frac{1}{2}(\rho_{1}^{2}-\rho 3)+$ log $\frac{\rho_{1}}{\rho_{0}}-(\rho_{1}+\rho_{1}^{-1})(\rho_{1}-\rho_{0})(4.9)$
(6) $\kappa=0$
$16 \pi\hat{G}(0; r, s, 0)=\rho_{1}-\rho 0+(\rho_{0}^{-1}-\rho_{1}^{-1})-(\rho_{1}+\rho_{1}^{-1})\log\frac{\rho_{1}}{\rho_{0}}$ (4.10)
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4.3
(1) $(P_{0}, P_{1})( \epsilon;r, \theta)=\sum_{k=-\infty}^{\infty}(\hat{P}_{0},\hat{P}_{1})(\epsilon;r, |k|)e^{\sqrt{-1}k\theta}$ (4.11)
(2) $\epsilon=0$
$( \hat{P}_{0},\hat{P}_{1})(0;r, \kappa)=\frac{1}{2\pi}(1, X)A^{-1}(R^{-1}r)^{\kappa}$ $(\kappa=0,1,2, \ldots)$ (4.12)
(3) $-\infty<\epsilon<-1$ $0<\epsilon<\infty$
$(\hat{P}_{0},\hat{F}_{1})(\epsilon;r, \kappa)-(\hat{P}_{0},\hat{P}_{1})(0;r, \kappa)=$
$\frac{1}{8\pi}(1-X){}^{t}\overline{a}A^{-1}\int_{0}^{1}(R^{-1}r\rho)^{\kappa}\rho^{\delta-1}d\rho$ $(\kappa=0,1,2, \ldots)$ (4.13)
,
$X=(R^{-1}r)_{:}^{2}$ $(a_{0}, a_{1})=(a_{0}, a_{1})(\kappa)=(\kappa, \kappa+ 2)$
$A=$
$(\begin{array}{ll}1 1a_{0} a_{1}\end{array})’$. $A^{-1}= \frac{1}{2}(\begin{array}{ll}a_{1} -1-a_{0} 1\end{array})$
${}^{t}\tilde{a}=$ $(\overline{a}_{0}, \tilde{a}_{1})=(a_{0}^{2}-a_{0}, a_{1}^{2}-a_{1})$ , $\delta=(\epsilon^{-1}+1)/2$
.
$t$ .
$t=\log r$ , $r=e^{t}$ (4.14)
.
$T=\log R$ , $R=e^{T}$ , $D=r\partial_{r}=\partial_{t}=/$












$p_{0}=\kappa^{2}(\kappa^{2}-4)$ , $p_{1}=4\kappa^{2}$ , $p_{2}=-2(\kappa^{2}-2)$ , $p_{3}=-4$ , $p_{4}=1$ (4.16)
(4.4) .
$u(t)= \int_{-\infty}^{T}G(\epsilon;t, \tau)f(\tau)e^{-2\tau}d\tau+\sum_{j=0}^{1}Pj(\epsilon;t)u_{0,j}$ (4.17)
$G(\epsilon : t, \tau)=G(\epsilon;t, \tau, \kappa)=2\pi\hat{G}(\epsilon;r, s, \kappa)|_{r=e^{t},s=e^{\tau}}$ (4.18)
$P_{j}(\epsilon;t)=P_{j}(\epsilon;t, \kappa)=2\pi\hat{P}j(\epsilon;r, \kappa)|_{r=e^{t}}$ $(j=0,1)$ (4.19)
.
4.2 4.3 2 $\mathrm{f}$
4.4
(1) $G(0;t, \tau, \kappa)=\frac{1}{4}e^{t+\tau}\int_{|t-\tau|}^{2T-t-\tau}e^{-\kappa\sigma}[\cosh(\sigma)-\cosh(|t-\tau|)]d\sigma$ (4.20)
(2) $G( \epsilon;t,\tau, \kappa)-G(0; t, \tau, \kappa)=\frac{1}{8}\Psi\frac{1}{\kappa+\delta}\rho_{0}^{\kappa}$ (4.21)
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4.5
(1) $(P_{0}, P_{1})(0;t, \kappa)=(1, X)A^{-1}(R^{-1}r)^{\kappa}$ (4.22)
(2) $(P_{0}, P_{1})(\epsilon;t, \kappa)-(P_{0}, P_{1})(0;t, \kappa)=$
$\frac{1}{4}(1-X){}^{t}\hat{a}A^{-1}\int_{0}^{1}(R^{-1}r\rho)^{\kappa}\rho^{\delta-1}d\rho$ (4.23)
4.4, 4.5 .
$u=t$ (u0, $u_{1},$ $u_{1},$ $u_{3}$ )
$u_{i}=u$






















x-1-2 $>$ x $>0$ $>-$(x-2) $>-\kappa$
, 2 , 2 .
, $v_{i}(0\leq i\leq 3)$ , $u^{(i)}(0\leq i\leq 3)$
. $u^{(i)}$ 2 $\tilde{u}(x)$
.
$(\kappa=0,1,2)$ . 0 $(\kappa=0)$
(2, 2, 0, 0) 2 2 . 1 $(\kappa=1)$
$(3, 1, 1,$ $-1)$ 2 1 . 2 $(\kappa=2)$ $(4, 2, 0,$ $-2)$
. 0 . $P$ .
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